Using the Hilbert Transform to Demonstrate Causality
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	Transfer Function Calculations and Formula
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Hilbert Transform
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Objective

Prove this circuit is a causal system.  A causal system is one where there can be no output before the input excitation occurs.
Acceptance Criteria
If this is a causal system, the imaginary part of the transfer function is the negative of the Hilbert transform of the real part of the transfer function.

Method
Find the real and imaginary parts of the transfer function, determine the poles, use residues to calculate  the Hilbert transform of the transfer function.  Verify that the acceptance criteria has been met.

Step One – Find the Real and Imaginary Parts of the Transfer Function
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Step Two – Define the Hilbert Transform and Find the Poles

Change variable letters to better align with current problem
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The poles of the real part of the transfer function are at   [image: image13.png]
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Step Three – Use Residues to Compute the Integral
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If there is a constant M such that [image: image20.png]I6(2)l =M



 on the path C2, and M can be shown to go to 0, then the integral around C2 goes to zero.  (ML inequality)
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On the outer contour, |z|=R.  As R goes to infinity, G(z) goes to 0.
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The Residue of G(x) is calculated at +ir/L.  
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Now, calculate the contribution due to the pole at x=[image: image27.png]



[image: image28.png]6@ =—

-2

22

(z

)




[image: image29.png]CHwise F 3
lim 6(z)dz = ~2mi 1| Res[G(2) 2]
28 ), 27




The MINUS SIGN is because the integration is being done in the Clockwise direction.

The Residue is calculates at [image: image31.png]Zo
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The contribution due to the pole at x=[image: image35.png]


 is
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Combining the integration that takes place on the x axis.
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Moving the term due to the pole at x=[image: image39.png]


 to the right, accounting for 1/pi:
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Manipulating to get the real and imaginary
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Combining imaginary terms
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If this is a causal system, the imaginary part of the transfer function is the negative of the Hilbert transform of the real part of the transfer function.
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