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Steve Keith

http://www.baselines.com
This particular integral came up in an example I was working during a Fourier transform.  It has an interesting solution and I wanted to write it all down, first to clarify the concept in my mind and second to share with other interested parties.

The first ‘trick’ to use is to find the square of the function.  This way leads to a method of finding area under the curve, which we can then take the square root of to get our answer. 
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Now, there is nothing preventing us from changing the x in the second integral to y.  Doing this accentuates that the square is an area (xy).  The same limits apply to x and y.
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Another adjustment we can now make is to pull the function together as a double integral:
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This is simply cutting the x-y plane up into small squares of area dxdy, multiplying the area by the value of the function, and summing all the values.  The equation is still not in a format that lends itself to solution, though.   However, noticing that x and y are such that they can be converted to a radius ( r ) about the origin of the xy plane will help us out.  We can substitute [image: image7.png]


 in place of [image: image9.png]


.
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Looking at this function, we can see that for any value of x and y that lie on the same radius, [image: image13.png]


 will always be the same.  This tips us off to the fact that maybe we shouldn’t be looking at square areas, but at areas based on the radius.  Our function looks like this:
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An annulus is like one of the ring areas in the contour plot on the right – as the width of the annulus gets smaller, it has an area of the circumference times the width of the annulus.  Calling the width [image: image17.png]Ar



, the area is equal to [image: image19.png]2rAr



.  In the limit as r goes to zero, this area becomes  [image: image21.png]2mrdr



.  We can now change the integral thus: 
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Notice that as we let r go to infinity, the limits now go from the origin (0) to infinity.  Now let 
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The integral is now easy to complete:
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Plugging in the limits, we find that 
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So taking the square of both sides, we get:
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